A classical field theory approach is developed to analyze, for the first time, the effect of the Dzyaloshinskii-Moriya interactions (DMI) on the edge spin waves in a 2D antiferromagnetic nanoribbon with zigzag edge boundaries. We prove the existence of a new class of nonreciprocal edge spin waves characterized by different dispersion relations when propagating in opposite directions. These are different from conventional nonreciprocal spin waves, characterized by a single dispersion relation, but propagating with different energies in opposite directions. In addition, the developed approach yields the bulk spin waves for which the DMI is also found to induce interesting observations. In particular, the DMI yields an unconventional discretization of the energy spectrum for propagating spin waves. The bulk spin waves are nonreciprocal, in the conventional sense, and the Dirac cone in the infinite lattice is reduced to a single nonreciprocal Dirac mode as a consequence of the discretization. The present study presents an additional contribution to the exotic physics underlying magnetic excitations in 2D magnetic materials and further promote them as potential candidates for novel technological applications.
Introduction
Since the discovery of the DE surface mode in the early nineteen sixties [1] , nonreciprocal spin waves have been widely explored for fundamental and technological interests [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Nonreciprocal spin waves are characterized by different frequencies and amplitudes when propagating in opposite directions. Spin waves nonreciprocity in magnetic films and layered structures may occur owing to several factors, including inhomogeneous magnetization, internal or externally applied magnetic field, electric currents, or difference in magnetic anisotropy on the surface boundaries of a magnetic film. In particular, spin wave nonreciprocity induced by the antisymmetric Dzyaloshinskii-Moriya (DM) interaction [20, 21] has received extensive theoretical and experimental attention [9, 11-13, 15, 17-19, 22] , leading to interesting proposals of magnonic circuit elements [12, 18, 19] .
Parallel to the ongoing research on spin waves in magnetic films and layered structure, a new research field emerged exploring the magnetic excitations in Dirac materials . Bounded 2D magnetic materials present edge spin waves, considered as the 1D analogue of surface spin waves in magnetic thin films. The interest in surface spin waves naturally extended to edge spin waves, as interesting fundamental physics phenomena and potential candidates for novel technological applications.
Despite the intensive research on nonreciprocal surface spin waves, their 1D analogues, namely nonreciprocal edge spin waves in 2D magnetic materials did not yet receive the deserved attention. Edge spin waves in bounded 2D honeycomb lattices in the Néel antiferromagnetic ordering state were studied in [26, 35] using quantum spin wave approaches, excluding the DMI. In the absence of the DMI, the edge spin waves in these antiferromagnetic lattices are of reciprocal character. To our knowledge, the effect of the DMI on these spin waves has not been previously reported.
In previous studies [42, 43] , we have developed a classical field approach, excluding the DM interaction, to study the edge and bulk long wavelength spin waves in antiferromagnetic honeycomb nanoribbons with armchair, zigzag and bearded edges boundaries. The developed methodology goes beyond previous studies [26, 35, 40, 41] , as it implements a more adequate treatment of the boundary conditions. As a consequence, we predicted the discretization of the bulk spin waves spectrum due to the finite width of the nanoribbons. Furthermore, in [43] we reported on the theoretical prediction of asymmetric edge spin waves, propagating in opposite directions at the boundaries of honeycomb nanoribbons with zigzag and bearded edges. Our calculation proved that the simultaneous propagation of edge spin waves along the same direction on both edges of these nanoribbons is forbidden, in analogy with the nonreciprocal surface spin waves in bounded magnetic thin films. Nevertheless, in the absence of the DMI in our previous study, the asymmetric edge spin waves were found to propagate with equal frequencies along opposite directions.
In the present work, we further develop the classical field approach to investigate the consequences of antisymmetric DMI effects in 2D antiferromagnetic systems. In particular, the developed theoretical approach is applied to study the spin dynamics on the edges and in the bulk of the 2D antiferromagnetic honeycomb nanoribbons with zigzag edge boundaries. The derived spin waves energy dispersion equation yields two different energy dispersion relations, similar to the infinite lattice case. In the infinite lattice case, however, the energy solutions are classified into a physical solution, with positive energy, and an unphysical solution, with negative energy. For the zigzag nanoribbons case, the same conclusion is obtained for bulk spin waves, with and without DMI, and for the edge spin waves in the absence of the DMI.
In contrast, the situation for the edge spin waves changes when the DMI are included, as both solutions for the energy equation become positive and physical over separate parts of the Brillouin zone. The physical solution is hence found to be a hybrid of both solutions of the energy equation. As a consequence, reversing the spin wave propagation direction within specific parts of the Brillouin zone will result in a spin wave propagating with a different dispersion relation. This new class of nonreciprocal spin waves becomes consequently a signature of the DM interactions.
Spin waves dispersion relations
The honeycomb 2D nanoribbon with zigzag edge boundaries is presented schematically in Figure  1 . The nanoribbon is considered infinite along the x-direction, and finite along the y-direction, with edges at = ± = ± 3 +2
2√3
. Here is the honeycomb lattice constant and is an integer number. In the Néel antiferromagnetic ordering state, the spins on A (blue) and B (yellow) sublattices are conventionally assumed to be aligned parallel and antiparallel to the z-axis. The left and right edge spins are of A and B types respectively. The DMI vector is given by ⃗ ⃗⃗ ( ⃗, ⃗ + ⃗ ′ ) = ( ⃗, ⃗ + ⃗ ′ )̂, with ( ⃗, ⃗ + ⃗ ′ ) = ± . The parameter determines the strength of the DMI, whereas the orientation of ⃗ ⃗⃗ is determined in the conventional way from the local geometry for a nonzero output with reference to the ribbon spin vectors.
In the classical field approach, the magnetizations for A and B sublattices are proportional to the spin vectors and satisfy the Bloch equations of motion [1, 2, [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] ]
with = / , is the gyromagnetic ratio, and ⃗ ⃗⃗ and ⃗ ⃗⃗ denote the effective fields acting on the magnetizations ⃗⃗⃗ and ⃗⃗⃗ respectively.
We next investigate the contribution of the DMI to the effective fields. For an A site, it is direct to write 
with
In equations 4, we have used = = − , ⃗⃗⃗ ∥ =̂+̂ and ⃗⃗⃗ = ̂− ̂. ⃗⃗⃗ ∥ and ⃗⃗⃗ have similar forms.
In the bounded nanoribbon, the solutions for the magnetization components are assumed of the form [1, 2, [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] 
where is the continuous wave vector along the infinite x-direction and is a phase factor along the finite y-direction. The real and imaginary values of q correspond respectively to evanescent (edge), and propagating (bulk), spin waves in the y-direction along which the nanoribbon is finite.
Substituting equations (5) in equations (4) yields the effective fields as
With the help of equations (5) and (6), the Bloch equations 1 give
with the normalized frequency Ω defined as Ω = , ± = ± + ± , and ± = ± + ± . Equations (7) hold for any between ± , which is only satisfied if every coefficient of ± is zero. This yields a system of 4 linear equations in the coefficients + , − , + and − . The condition that the linear system admits nonzero solutions yields the characteristic energy equation The spin wave energy equation (8) admits two solutions, corresponding to 2 energy dispersion relations, namely
For an infinite honeycomb lattice, Ω + is positive whereas Ω − is negative for any wavevector in the Brillouin zone. Consequently, Ω + represents the unique energy dispersion relation for spin waves propagating in the infinite system. Remarkably, we will prove that this conclusion cannot be generalized to the edge spin waves in a nanoribbon with zigzag edge boundaries characterized by nonzero DMI.
Boundary conditions
The boundary conditions are derived from the requirement that edge spins satisfy the bulk equations of motion [2, 42, 43, 51, 54, 55] . This yields the effective boundary equation
In equation 10, the subscripts and stand for edge and bulk respectively. The effective fields for edge and bulk sites are different due to the reduced number of nearest neighbors. Equation (10) developed on the right and left edges of the nanoribbon (see the Appendix for details) yields a matrix equation in the independent coefficient { + , − } as follows 
For this linear system to admit nonzero solutions, the determinant of the defining matrix should be zero. We hence deduce the boundary condition ( , , ) = 11 22 − 21 12 = 0
The real solutions of equation (12) determine the decay factors for the edge spin wave modes. Similarly, the imaginary solutions ( = ) determine the allowed wavevectors for bulk mode.
Numerical results
For numerical applications, we consider a nanoribbon with half width =
2√3
and set = 1. It is worth noting that the decay factors admit finite values at = ± for ≠ 0, in contrast to the zero DMI case where the decay factors tend to infinity at = ± . From the numerical results, the DMI is found to decrease the decay factors, notably in the > 0 of the Brillouin zone. Moreover, the DMI decreases (respectively increases) the edge spin waves energy for < 0 (respectively > 0), resulting in non-reciprocal edge spin waves.
Results for edge spin waves
We next examine the interplay between DMI and magnetic anisotropy interaction. In figures 5, we again present the physical decay factors and the normalized energy dispersion curves for a zigzag nanoribbon with anisotropy parameter = 1.1. The dashed curves correspond to zero DMI results.
The numerical results show that the new class of nonreciprocal spin waves is robust against the anisotropy interaction, with slightly different values for , , namely , ≈ −2.27, −1.56 and −1.08 for = 0.1 , 0.2 , and 0.3 respectively. Unlike the DMI which tends to reduce the edge spin waves confinement, the magnetic anisotropy is found to increase the decay factors for these spin waves, in agreement with our previous studies [42, 43] . The magnetic anisotropy also increases the energy of the edge spin waves above the zero-energy axis. Similar to the isotropic case, the DMI increases the edge spin waves energy for < 0 and has opposite effect for > 0. Interestingly, for anisotropic nanoribbons with nonzero DMI, the minimal energy for edge spin waves is shifted and is no more at the center of the Brillouin zone. Exploring the critical wavevector component , , we found , to be a solution of the equation . In the presence of the DMI, the contour plot of √9 2 − + − = 0 is found to intersect the decay factor solution at ( , , ( , )) in the − plane. This intersection is only possible for nonzero DMI, eventually generating the new class of nonreciprocal edge spin waves as a signature of the DMI. We next examine the spatial variation of the edge spin wave modes across the finite length of the nanoribbon. In agreement with our previous study [43] , the eigenvectors of the system in equation 11 are found to be (1,0) and (0,1). Edge spin waves in zigzag nanoribbons hence propagate in opposite directions on the two edges. This fact is directly related to the nontrivial symmetry underlying nanoribbons with zigzag edge boundaries, as discussed in [43] .
The normalized amplitudes for edge spin waves are plotted in figures 7 along the width of the nanoribbons for selected values of , and . In the zero DMI case, the spatial variation is symmetric and the evanescent spin waves are highly confined to the edges. As discussed previously, the DMI significantly reduces the decay factors for evanescent spin waves propagating with > 0. The present numerical results show that for = 0.3 , the evanescent spin waves with < 0 are confined to the zigzag edges, whereas those with > 0 penetrate significantly into the depth of the nanoribbon. In view of these results, one can argue that in the presence of strong enough DMI, nanoribbons with zigzag edge boundaries allow unidirectional nonreciprocal edge spin waves with < 0, since evanescent spin waves with > 0 are no more genuine edge spin waves. 
Results for bulk spin waves
To determine the bulk spin waves, we set = in equation 12, where represents the wavevector component along the y-axis. The allowed are also obtained from the contour plot of equation 12; the solutions are presented in figure 8 (brown curves) for a nanoribbon with = 1, = 0.1 and = 35/2√3. The DMI is found (figures 11) to increase (respectively decrease) the energy gap in the < 0 (respectively > 0) part of the Brillouin zone. For = 1 and = 0.3 , the edge mode is found to graze the propagating mode in the > 0 part, which is expected in view of the very low decay factor for this mode. 
Discussion
We have developed an efficient classical field approach to analyze the effects of the DMI and magnetic anisotropy on edge and bulk spin waves in 2D antiferromagnetic nanoribbons with zigzag edge boundaries. The interplay between DMI and magnetic anisotropy and their combined effects on edge and bulk spin waves are analyzed in details.
The edge spin waves are found to be generally nonreciprocal in the presence of nonzero DMI and are found to propagate in opposite directions on opposite edges of the nanoribbon. More important, our study predicts novel nonreciprocal edge spin waves propagating with different dispersion curves when the propagation direction is reversed. We are not aware of any analogue for these edge modes in the field of surface spin waves.
In addition to its interesting effect on the evanescent edge spin waves, the DMI is found to induce an unconventional discretization of the bulk spin wave spectrum in the zigzag nanoribbons. Moreover, bulk spin waves in the presence of nonzero DMI constitute conventional nonreciprocal waves with a unique dispersion relation.
In conclusion, although one can argue that the interest in edge spin waves in magnetic 2D materials originated from their analogy to surface spin waves, the present study presents an additional evidence that the physics underlying edge spin waves is even more fascinating. Further, the interest in such novel quasi 1D magnetic excitations is not only in the domain of fundamental physics, but also because their exotic characteristics promote them as potential candidates for novel applications in magnonics and spintronics. ].
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